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SYSTEM DY NAMICS

The system dynanes ey be desaibed oo Bnear pertinbation of o relerence funepon ol
the state vanables For example, given the nomingd trajectony of o spacecaralt desaihed by the
function o (7)) and a pertinbation of the state (f2) at the nitial epoch (46), the perturhed trajectory
5 desenthed by

()< a{d) D) ba(la) (1)

where the stale transition matix (4 s piven by

The state transition matnx may be oblained oo @ solution of the following dificrential cquation or
by nmnencal intepration.

Blida) - A L) (2)
where
dafi)
Gda (i)
The ahove diflerential cquation descrnibing, the evolution of the state variation may be generahized to
include other parameters and process noise.

NcOFX G ()

where Gs the mapping of Q) the process noe Here, the &s have bearcdiopped and the vinration bu
isrepresented by X The state veetor vanation X may be pencralized toincude constant paravieters
(v} and stochostic parameters (p) as well oo the dynamie state vaniables (o). The process noise (9)
contains white noise () on the stochastic paranetens, Thus we have

]}‘ !
AE o 94 0 (4)
U ( )

The stochastic pavamcters (p) provide o mcans ol inttodocing process notse into the state
varisbles, These are deflined by sealar diffcrential cquetions of the form

Pu o (5)

where g s the conrelation thime and o 1s the white nojse susociated with the Vth stochastic parsimeter.
Thus, white noise is introduced duectly to the parametor pand indiectly to the state via the mapping,
oty

An estimate of the state 1s obtained fom o mathomatical model of the system dynamics that
cdude measuremems processed by o data filler, The “hest” estimate of the variation of the state
(.\) 15 desenibed by the following, cquations,

N OEN GO N (6)
AN TN (0)




e o-l (8)

whore Kois the Kalman gain, 2 represents an estimate of the process noise, 7 are the actual
messntements and Jois the matriy of data partials The Kalman gain is computed as o lunction
of the measurenient cyyor, the data partials aud the state enor covariance (1), Thus, in arder to
obtoin a complete set of equations that would ennble the computation of the estimated state we
peed an equistion for the Kaliman gain aud an cquation for evolving, 72 as s function of time.

DERIVATION OF CONTINUOUS FIETER FQUATTONS
The covartance of the state estunate is defined by the expected value represented by
Py vty (9)
As ancalternative, we may cotapute the information matnin (A), the square 1oot of the covariance

(5), or the squame root of the information matitx (). The cquations that define these matyices are
gaven by

oA (10)
PSSt (11)
Pttt (12)

Thus, we are interested o obtaiming, difierential equations of the form

]‘, : ]l'm - ]l,q i }‘I(l (]3)
\ N ‘/\v:x -1 I:\l,( - 1'\(; (]4)
“\',. . 'I;;YH 4 qu | ‘S‘.“' ( f))
BBl R, Ry (16)

where the subscrnipt mn refers to the mapping tenns, the subscript ¢ refers Lo process noise terins,
and the subscript o 1efers to the data update tenms,

SMappg, Verm
The evolution of the covariance as a function of time! may be obtained by mappiug the state

covistiance oblaimed at some epoch (1n) to seme time e the future (1) with the state transition
Thatr,

P s D L) Plle) o 1a)" (17)
Taking, the denvative with respect {o thme we obtain
D) s (1) () @t o) 5 O e) P(1a) S(1 10)” (18)
Stiee the state transition matrix 1s obtained by inlegrating,

B 1a) = 1) (L L) (19)

we obtam after substitution

A LA (20)




Process Noise )
In the covartance matrix differential equation, process noise enlers as a sitiple addition .o the
covariance. Thus we have
P4 A P 5 GAQG! (21

where AQ s the covariance of the process noise admitted over the time interval A7 and

AQ = QN
where Q is the rate of accunmlation of pracess noise. Thus, in the continnum we have

. it At ¢
r, lim < - ( ) (1)

RSNl o
A Al G QI (22)

Data Update Ternm

The discrete covaniance update iy he obtained sasuming an additional mcasnrenment o

16 added to a previously determined estimate hased on measuraments ff,owith covariance 7, The
derivation is given in wany references”™ that are available.
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In the notation used here, 2, 35 a matrix with n 1ows contesponding to the measurements and
colimns cotresponding to the state paratneters. [,y ds arow matix of dimension . We also

have for the covariance update,

(24)

LI | N

and since

(25)

Over the thine mterval A7 between measurements, information acenmulates at a ate W oar d

LOWA (26

noowadn,, (27

14~

dividing by At and taking the limit as A¢ approaches zero,

Avos Wi 28)
we obtain a differentia equation for the evoln jon of the information matrix duc to addition of da a.

Least Square data Update

In order to complete the filicr cquations, we need an algorithm for processing, the measurcments
to obtain o best esthmate of the state, The discrete form of the Kalman update alporithn s given
by

AN = T (A VY NN (29)

Auequivalent expression is obtained by use of matt inversion termma




- e R
AX - [1"’-; nraw | T aw (20)

If we adiuit the data at a rate W over a time interval A7 we have

- - -1 .
AR [Pt weaon] T wag (51)

whiere £ is the covanance at the begiuning of the interval prior to processing the dita, Dividing,
through by A1 and taking the Hinit as At approaches zero we obtain

A K o
],’ . l .L . y ar'l ’ 1:
{ {\:‘-‘.‘(i { Al } PR I Ut (32)

adilferential equation for the Kalnan updaate.
Filt er Iifferentinl Fquations

Collecting, the tenins derived above, we have the following matrix differential cquation or Ricatti
cquation for the covariance filter,

Peorrg Pty caty oy (33)
K: PH W (34)
and for theinformation filter,
Ac At Ag v wi (35)
K- A nrw (306)

The dataupdate tern (J"d) is missing from the covariance equation and the mapping (A,, ) and
process noise (A, ) terins are mssing, from the information filter cquation and these may be ol stained
by transformation using matrix identitics. For the covar iance and infor mation equations, we need
the following mati identities.

PA: ]
PAPA: O
P - PAN T PAP (37)
A - P 'PA: - ADA (38)

Applying these ideutities 1o the above matnix differential equations, we have

P PP PP GQGY - PHYW P (39)
K= pruw (40)

The covarianuce filter in this forn s ealled the continnous form of the Kalman: Bucey filter. For the
imformation filter, we have

A: = AP~ FYA- AGOG A W (41)
K Aty (12)




